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Abstract. We apply the bar construction to the nerve of a double Lie groupoid 
to obtain a local Lie 2-groupoid. As an application, we recover Haefiigcr's fun- 
damental groupoid from the fundamental double groupoid of a Lie groupoid. 
In the case of a symplectic double groupoid, we study the induced closed 2-form 
on the associated local Lie 2-groupoid, which leads us to propose a definition 
of a symplectic 2-groupoid. 



1. Introduction 

In homological algebra, given a bisimplicial object A, . in an abelian cate- 
gory, one naturally associates two chain complexes. One is the diagonal complex 
diag(A) := {A PiP }, and the other is the total complex Tot (A) := {J2 P + q =* A>>«}- 
The (generalized) Eilenberg-Zilber theorem |DP61j (see, e.g. |Wei95| Theorem 8.5.1]) 
states that diag(A) is quasi-isomorphic to Tot(A). This result plays a fundamental 
role in the proof of the Kunncth theorem. 

The Eilenberg-Zilber theorem has recently been further generalized by Ccgarra 
and Remedios |CR05j as follows. Given a bisimplicial set X, ,, one naturally asso- 
ciates two simplicial sets. One is the diagonal diag(X) := {X p p }, and the other is 
given by Artin and Mazur's bar construction W. Cegarra and Remedios proved that 
these two simplicial sets are weakly homotopy equivalent. More recently, Ccgarra, 
Heredia, and Remedios |CHR10| studied the diagonal construction on (discrete) 
double groupoids satisfying a natural "filling condition". In this paper, we study 
the behavior of the bar construction in the smooth category, particularly with re- 
spect to bisimplicial manifolds arising from double Lie groupoids. 

A double Lie groupoid |BM921 IMac92| is essentially a groupoid object in the 
category of Lie groupoids. We can present a double Lie groupoid as a square 

(1.1) 7 3=£>, 



Ml H 

where each edge is a Lie groupoid, and where the various groupoid structures satisfy 
certain compatibility conditions (The precise definition will be recalled in §3. 11 ). 
Just as an element of a Lie groupoid can be depicted as an arrow, an element of 
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(the total space of) a double Lie groupoid can be depicted as a square 



(1.2) 



whose edges correspond to the images of a € D under the source and target maps. 
Just as a Lie groupoid G induces a simplicial manifold N m G (called the nerve of G), 
where N P G consists of composable p-tuples of arrows in G, a double Lie groupoid 
(jl.ip induces a bisimplicial manifold N, ,D, where N PtQ D consists of p x q arrays 
of composable squares. 

We apply the bar construction to the nerve N,,D of a double Lie groupoid and 
study the Kan properties of the resulting simplicial manifold WND. We prove that 
WND satisfies the definition Zhu09 of a (weak) local Lie 2-groupoid. Furthermore, 
if D satisfies the filling condition then WND is a genuine Lie 2-groupoid. 

We then describe a functor from the category of (local) Lie 2-groupoids to 
the category of topological groupoids, essentially given by Kan replacement (in the 
local case) |Zhu09] followed by truncation. We thus have the following diagram of 
functors: 



double Lie groupoids 



W N 



(local) Lie 2-groupoids — > topological groupoids 



As an application, we look at the following example of a fundamental double Lie 
groupoid. If G =t M is a Lie groupoid where the source map is a fibration, then 
the fundamental groupoids of G and M form a double Lie groupoid 



rii(G) 




rii(M) 



The fibration assumption implies that the filling condition is satisfied, so WNUi(G) 
is a Lie 2-groupoid. By truncating this Lie 2-groupoid, we recover the Haefliger 
fundamental groupoid |Hae71[ IHae90[ IMM] of G. 

When the source map of G is not a fibration, ITi(G) docs not form a double 
Lie groupoid (instead, it is in some sense a "groupoid in the category of local Lie 
groupoids."). However, we can still construct a bisimplicial manifold N, t ,Hi(G), 
to which we can still apply the bar construction and obtain a local Lie 2-groupoid. 
When we apply the functor (5 to this local Lie 2-groupoid, we again recover the 
Haefliger fundamental groupoid of G. Thus we are able to connect two natural 
notions of "fundamental groupoid of a Lie groupoid" . 

As an application to Poisson geometry, we also consider the case of symplectic 
double groupoids [Mac99| . i.e. double Lie groupoids (jl.ip where D is equipped 
with a symplectic form making D a symplectic groupoid over both V and H. 
Symplectic double groupoids are the objects that integrate Poisson groupoids and 
Lie bialgebroids |Ste07| IWei88| . If D is a symplectic double groupoid integrating a 
Lie bialgebroid (A, A*), then we may think of WND as the (local) Lie 2-groupoid 
integrating the Courant algcbroid A © A* . This method can be used to construct 
many interesting examples of Lie 2-groupoids integrating Courant algcbroids. 
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Of course, in the case of a symplectic double groupoid D, it is natural to ask 
what geometric structure on WND is induced from the symplectic form ui on D. 
We find that ui naturally induces a 2-form 51 on W2ND, which is both closed and 
multiplicative; however, n is usually degenerate. 

At first, we had hoped to extend Q to a non-dcgcncratc 2-form. However, it 
seems that such an extension does not exist naturally, as the following example 
illustrates. Let M be a manifold, and consider the symplectic double groupoid 

M x M t T*M x T*M . 

M i =T*M 
Up to level 2, the associated Lie 2-groupoid is of the form 

(1.3) M x T*M x (T*M © T*M) . 

■ 

M x T*M 



M 

This is the Lie 2-groupoid that integrates the standard Courant algebroid TM © 
T*M. There does not seem to be a canonical non-degenerate 2-form on the 2nd 
level M x T*M x (T*M © T*M), so instead we seek conditions that control the 
degeneracy of Q. 

Our approach is inspired by Xu's definition of quasi-symplectic groupoid |Xu04j . 
The idea is to localize to various degenerate submanifolds of W2ND and then 
consider the compatibility properties between the face maps and the 2-form f2 
along those submanifolds. Based on these compatibility properties, we tentatively 
propose a definition of symplectic 2-groupoid. We prove that the nondegeneracy of 
the multiplicative 2-form uj on D is equivalent to the nondegeneracy conditions for 

in our definition of (local) symplectic 2-groupoid. 

We believe that the conditions that make up our definition of symplectic 2- 
groupoid extract important information about a symplectic double groupoid (and 
its associated infinitesimal object) from its associated (local) Lie 2-groupoid. We 
plan to discuss this issue in a future work. 

We should emphasize that we do not consider our definition of symplectic 2- 
groupoid to be the final word, but rather a way of begi nning a discussion on the 
problem. We have learned from Li-Bland and Severa [LS] that they have discovered 
various possible solutions that are different from ours. We hope that together our 
ideas will lead to a full understanding of symplectic 2-groupoids. 

This paper is organized as follows. In $2] we briefly review the definition of 
bisimplicial manifolds and the bar construction. In Sj3l we recall the definition of 
double Lie groupoid, and we describe the constructions of the nerve and classifying 
space of a double Lie groupoid. In £j4j we prove that W of the nerve of a double 

^However, Li-Bland has explained to us that he and Severa [LS| have a model for locally 
integrating TM © T* M where there is a nondegenerate (but also noncanonical) closed 2-form on 
the 2nd level. 
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Lie groupoid is a local Lie 2-groupoid. The functor (5 and the example of the 
fundamental double groupoid are discussed in $5] We turn to symplectic double 
groupoids in and conclude with our proposal for the definition of a symplectic 
2-groupoid. 

Acknowledgements. We would like to thank A. Cattaneo, D. Li-Bland, P. Severa, 
and C. Zhu for interesting discussions and suggestions. Tang's research is partially 
supported by NSF grant 0900985. 



2. BlSIMPLICIAL MANIFOLDS 

In this section we briefly recall the definitions of simplicial and bisimplicial man- 
ifolds (see, e.g. |GM03| lGJ09j ). as well as the bar construction of Artin and Mazur 
|AM66j . 



2.1. Definitions. 



Definition 2.1. A simplicial manifold is a sequence X, = {X q }, q > 0, of 
manifolds equipped with surjective submersions /? : X q — > X q -\ (called face 
maps), i — 0, and embeddings 8f : X q — >• X q+ \ (called degeneracy maps), 



i = 0,.. 


. , q, such that 


(2.1) 


rq-l rq _ eq-l rq 
•*i J 3 •* j— 1 Ji ' 


(2.2) 






K If!, 


(2.3) 


= id, 







l! 



* < 3, 

i < j, 

i < 3, 

i=3> i = 3 + 1, 
i>j + l. 



p. ii 



Definition 2.2. A bisimplicial manifold is a two-parameter sequence X,, 
{X Py q\, p, q > of manifolds equipped with 

• surjective submersions vf' q 
i = 0,...,q, 

• surjective submersions /if' 9 : X Ptq 
i = 0,...,p, 

• embeddings /if' 9 
0, . . . , q, and 

• embeddings 7/f' 9 
i = 0,...,p, 

such that 



X n 



X,, 



> Xp^i (called vertical face maps), 
Xp-i.q (called horizontal face maps), 
X Pt q + i (called vertical degeneracy maps), i — 



X 



P+1,9 



(called horizontal degeneracy maps), 



(1) (X Pt ,, {v\' q }, {/if ' q }) is a simplicial manifold for each p, 

(2) (X, yq , {/if' 9 }, {?7f' 9 }) is a simplicial manifold for each q, and 

(3) the horizontal and vertical structure maps commute: 



(a) v^ q hf q 

(b) ,r : -ht' ! 

(c) v^ q nf' q 

(d) fi- 1 *^* 



p,q+l p,q 
'li H'j j 

vr- 



hf' q - 
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2.2. The bar construction. The bar construction is a functor W from the cate- 
gory of bisimplicial manifolds to the category of simplicial manifolds. It is described 
as follows. 

Let X mt be a bisimplicial manifold. For each r, let W r X be the space consisting 
of r-tuples (xo, . . . ,x r ), where Xi S X^ r -i, and where Vg r ~ l (xi) = h*£_ 1 ,r ~ t ~ (xi+\) 
for < i < r. In other words, W r X is the fiber product 

(2.4) W r X = Xo.r vo'Xhi -^l,r-l t, X/j 2 ■ • ■ „ Q X/j r X r fi. 

Since both the horizontal and vertical face maps are submersions, we have that 
W r X is a smooth manifold for each r. 

The sequence W,X = {W r X} is a simplicial manifold with face and degeneracy 
maps defined as follows: 

(2.5) fi(x , ...,x r ) = (vi(xo),v i -x(x 1 ), vi(xi-x),hi(xi+i), hi(x r )) , 

(2.6) Sl(x , ...,x r ) = {Hi{x ),^i(xx), . . .,n (xi),iii(xi), . . .,%(x r )) . 

3. Double Lie groupoids 

In this section, we review the definition of double Lie groupoids [BM92, Mac92 
and describe the nerve functor from the category of double Lie groupoids to that of 
bisimplicial manifolds. Finally, we discuss various constructions for the classifying 
space of a double Lie groupoid. 

3.1. Definition and examples. Consider a square fll.l[) where each edge is a 
Lie groupoid. Let sh and tn denote the source and target maps from D to if , 
respectively, and let sy and ty denote those from D to V . We will use s and t to 
denote the source and target maps from either H or V to M; the domain will be 
clear from the context. 

Let -h '■ D s H x tH D — > D and -y : D Sv x.t v D — ^ D denote the multiplication 
maps for the Lie groupoid structures on D over H and V, respectively. 

Definition 3.1. The square (jl.ljl is a double Lie groupoid if the following conditions 
hold: 

(1) The horizontal and vertical source and target maps commute: 

S o Sff — so sy, t o tf{ —to ty, 

t o sh = s o ty, s o tn — t o sy. 

(2) The multiplication maps respect source and target: 

s v (ai -h a-i) = (sycti) ■ (sya 2 ), ty{a\ - H a 2 ) = (tyai) ■ {tya 2 ), 

s H (ai -v a 3 ) = (s H ai) ■ (s H a 3 ), t H (ai -y a 3 ) = (s H ai) ■ (s H a 2 ), 

for all Qfj G D such that sncti — tna 2 and syot\ = tya 3 . 

(3) The interchange law 

(an -h ai 2 ) -y (a 2 i 'H ce 22 ) = (an -y a 2 \) -h (ai2 -v oi 22 ) 

holds for all an, a\ 2 , a 2 \, a 22 G D such that Sy(an) — ty(ai 2 ) and sh{olu) = 
ifl-(a 2 i) for i = 1,2. 

(4) The double-source map (sy, sh) ■ D — > V s x s H is a submersion. 
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We note that, in |BM92j and |Mac92j . the double-source map is required to be a 
surjective submersion. As noted by Stefanini |Ste07j , the surjectivity property does 
not play an essential role in the definition of double Lie groupoids, so we follow his 
lead in dropping the requirement. However, we will see that double Lie groupoids 
with surjective double-source map behave particularly well with respect to the main 
construction of this paper. Thus we give this property a name: 

Definition 3.2. A double Lie groupoid is full if the double-source map (sy, sh) '■ 
D — > V s x s H is surjective. 

Remarks 3.3. (1) Following Mackenzie |Mac92] . we may depict any element 
aeflasa square (|1.2j) . Condition (1) in Definition 13.11 expresses the fact 
that the vertices of the square are well-defined points in M. The multi- 
plication operations -h and -y may be depicted, respectively, as horizontal 
and vertical composition of squares. Condition (2) implies that four-fold 
products of the form 



an 


a-12 


ail 


OL22 



can be computed in two different ways (horizontally then vertically, and vice 
versa), and the interchange law guarantees that the two four- fold products 
agree. 

(2) Conditions (1) and (2) in Definition ^ . 1 l imply that D Sv x tv D and D SH x tH D 
naturally inherit groupoid structures over H ^ t H and V ^<tV, respectively. 
Condition (3) guarantees that the source maps (sh,sh) ■ D Sv x tv D — > 
H s x t H and (sy,sy) : D SH x tH D — > V s x t V are submersions, so that 
D Sv x tv D and D SH x tH D are in fact Lie groupoids. 

(3) It follows from the conditions of Definition 13.11 that the structure maps 
(source, target, multiplication, identity, and inverse) for either of the groupoid 
structures on D are Lie groupoid morphisms with respect to the other 
groupoid structure. In this sense, a double Lie groupoid is a "Lie groupoid 
object in the category of Lie groupoids." 

Example 3.4 (Pair double groupoid). Let G =t M be a Lie groupoid. Then 

G1 G x G , 



M t M x M 

where the horizontal edges are pair groupoids, is a full double Lie groupoid. 

Example 3.5 (Fundamental double Lie groupoid). Let M be a manifold. The funda- 
mental groupoid IIi(M) =S M consists of equivalence classes of paths in M modulo 
endpoint-prcscrving homotopies. The operation AI i— > LIi(M) is a functor from 
the category of manifolds to the category of Lie groupoids; given a smooth map 
of manifolds cf> : M — > N, the induced map of fundamental groupoids is denoted 
0. :IIi(Af) ^n x (iV). 

Let G =4 M be a Lie groupoid. The source and target maps s,t : G —> M induce 
maps s*,i* : IIi(G) — > LIi(M). If s (or, equivalently, t) is a fibration, then the fiber 
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product ili(G) s „Xt„ IIi(G) can be canonically identified with IIi (G s Xt G). Thus 
the map Hi(G s Xt G) IIi(G) induced by multiplication in G can be interpreted 
as a multiplication map for LTi(G). In this manner, LTi(G) has the structure of a 
Lie groupoid over LTi(M), and it is fairly easy to see that 



(3.1) G^ rii(G) 




Hi(M) 



is a double Lie groupoid. Again using the assumption that s is a fibration, we have 
that this double Lie groupoid is full. 

The fibration property that we have used is nontrivial and excludes common ex- 
amples such as Cech groupoids and certain groupoids representing orbifolds. Later, 
in £ )5.2[ we describe how Lie groupoids not satisfying the fibration property may 
still be incorporated into our construction. 

Example 3.6 (Symplcctic double groupoids). A symplectic double groupoid is a 
double Lie groupoid where D is equipped with a symplectic form making D 

into a symplectic groupoid with respect to both groupoid structures. For example, 
if G =4 M is a Lie groupoid with Lie algebroid A — > M, then the cotangent bundle 
T*G can be viewed as a symplectic double groupoid as follows: 



G : 



■ T*G 



A* 



Here, the groupoid structures on the horizontal sides are simply vector bundles. 
Another example is the pair double groupoid 



G 



G x G 



M x M 



where G M is a symplectic groupoid. The bars over the rightmost copies of 
G and M indicate that they are equipped with the opposite symplectic/Poisson 
structures. 

More generally, any Poisson groupoid can, under certain assumptions, be inte- 
grated to a symplcctic double groupoid |Ste071 IWei88j . Conversely, any symplcc- 
tic double groupoid can be differentiated in two different ways to obtain Poisson 
groupoids in duality |LW90l IMac99j . 

Example 3.7. Double Lie groupoids of the form 

G3=D 



M' 



M 



are in one-to-one correspondence with strict Lie 2-groupoids. 
groupoids are always full. 



Such double Lie 
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3.2. The nerve functor. Consider a double Lie groupoid as in (|1.1[) . For q > 0, 

let be the space of composable ^-tuples of elements of V: 

VM = {(0 1> ...,0 9 )eV*:8(0 i )=t(p i¥1 )}. 

We have that is smooth since s is a submersion. Next, define D^f to be the 
space of horizontally composable g-tuples of elements of D: 

D% ] = {(ai,..., a q ) G D q : s H (ai) = t H (a i+1 )}. 

Smoothness of follows from the fact that sh is a submersion. 

Lemma 3.8. For every q > 0, the space D^ is a Lie subgroupoid of the Cartesian 
product Di =4 V", with base V^K 

Proof. The fact that D$ is a subgroupoid of D q =4 V q follows from 

conditions (1) and (2) in Definition 13.11 The fact that the source map s v : D^f z=$ 
is a submersion follows from condition (4) in Definition 13.11 □ 

Similarly, for p > 0, we define H^ and as follows: 
ffW = {( m , . . . , Vp ) G H* : afa) = 

= {(«!, . . . ,q p ) G DP : avion) = t v (a i+1 )}. 

Lemma 3.9. For every p > 0, the space Dy is a Lie subgroupoid of the Cartesian 
product DP HP, with base H&) . 

Now we are ready to describe the nerve functor from the category of double Lie 
groupoids to the category of bisimplicial manifolds. Consider a double Lie groupoid 
as in (jl.ip . For p, q > 0, let N PA D consist of all pg-tuples {ctij}, where atij G D for 
1 < i < p and 1 < j < q, subject to the following compatibility conditions: 

(3.2) s ff (a, 3 ) = ff/(Q !(3+1 )), sy(ay) = *v-( a (»+i)j)- 

We take N , q D = and N pfi D = for p, q > 0, and we set N , D = M. 

An element of N PA D (for p, q > 0) may be depicted as a composable p x q 
rectangular array of elements of D. For example, a typical element of N^^D is of 
the form 



an 


"12 


C*21 




«31 


"32 



Such an array may be viewed as either a composable p-tuple of elements of D3 

(v) 

or as a composable g-tuplc of elements of Dy . Thus there are natural horizontal 
and vertical simplicial manifold structures on N t ^D, obtained by identifying N,^ q D 
(respectively, N p ^,D) with the nerve of the Lie groupoid Djf =4 (respectively, 
Dy^ =t H^). The interchange law then implies that the horizontal and vertical 
structure maps commute. Thus, we have: 

Proposition 3.10. N m m D is a bisimplicial manifold. 
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3.3. Classifying spaces. Let A* be the cosimplicial space of simplices, with the 
standard coface maps ff : A 9-1 — > A g and codegeneracy maps £f : A 9+1 — > A 9 , 
satisfying equations dual to ()2.1[) - (|2.3[) . Recall that the geometric realization \X\ 
of a simplicial space X. is defined to be 

oo 

U(A™xJT n )/~, 

where the equivalence relation ~ is generated by (ff(s q —i), x q ) ~ (s g -i, fi{x q )) and 
(j?(sg_|_i), x q ) = (s q+ i,S1(x q )), for s q ±i E A q±1 ,x q E Geometric realization 
is a functor from the category of simplicial spaces to the category of topological 
spaces. 

For a bisimplicial space X tt , there are three natural ways to define the geometric 
realization: 

(1) Diagonal: Consider the diagonal simplicial space X® , where X® = X nn 
and the structure maps are obtained by composing corresponding horizontal 
and vertical structure maps. Take the geometric realization 

(2) Horizontal- Vertical: For a fixed p, consider the "vertical" simplicial space 
X p ^. Let X^ be the simplicial space where X^ = \X Pi ,\, and where the 
structure maps are inherited from the horizontal simplicial structure on 
X m m . Take the geometric realization 

(3) Vertical-Horizontal: Similarly, let X^ be the simplicial space where X^ = 
\X, „\. Take the geometric realization \X V \. 

A version of the Eilenbcrg-Zilber theorem |GM03| states that the topological spaces 
|V D |, \X H |, and \X V \ are all homeomorphic, so we are justified in simply writing 
LY|. 

Let D be a double Lie groupoid. As was explained in §3.2( the nerve functor de- 
fines a bisimplicial space ND. (It is in fact a bisimplicial manifold, but the smooth 
structure is not relevant for the present discussion.) We define the classifying space 
BD to be the geometric realization |iV£)|. 

In the case of the nerve of a double Lie groupoid D, the latter two constructions 
of the geometric realization correspond to applying the usual (groupoid) classifying 
space functor to D in both directions; in other words, BD may be computed as 
cither B(B H D =4 BV) or as B(B V D =* BH). 

Example 3.11. Let T be a Lie group acting on a Lie groupoid G M by groupoid 
automorphisms. Consider the double Lie groupoid G x T, 

(3.3) G1 G x T , 



M t — M x r 

where the groupoid structure onGxT MxTis the Cartesian product of G ^ M 
and the trivial Lie groupoid T =^ T. 

If we apply the usual classifying space functor in the vertical direction, then we 
get the topological groupoid BG x V =i BG corresponding to the induced action of 
r on BG. The classifying space of this action groupoid (hence the classifying space 
of (|3.3[) ) is the homotopy quotient 

(3.4) (BGx£r)/L 
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On the other hand, we may first apply the usual classifying space functor in the 
horizontal direction, obtaining the homotopy quotient groupoid 

(3.5) (G x ET)/T (M x ET)/T. 

By the Eilenberg-Zilbcr theorem, the classifying space of (|3.5|) is homcomorphic to 
(|3.4[) . Thus we may say that the classifying space of the homotopy quotient equals 
the homotopy quotient of the classifying space. 

Now suppose that T is a discrete group acting on a manifold M. The action of T 
naturally lifts to an action of T on the fundamental groupoid IIi(M) =4 M . In this 
case, the "action double groupoid" (|3.3[) can be identified with the fundamental 
double groupoid 

Ut(M) ^ — n t (M xi r) . 



M % M x r 

According to the above discussion, the classifying spac^-B(lTi(Af xF)) is (BTli(M) x 
ET)/T. When M is connected, it follows from the associated homotopy long exact 
sequence that B(Hi(M x F)) is the Eilenberg-Maclane space K(G, 1), where G is 
a (nonabclian) extension of T by the fundamental group tti(M). 

4. Lie ti-groupoids and local Lie n-GROUPoros 

4.1. Definitions. We now review the "simplicial" definitions of (weak) Lie n- 
groupoids and local Lie n-groupoids. The simplicial approach to n-groupoids goes 
back to Duskin |Du s79 in the discrete case, and the smooth analogue appeared in 
[Hen08j . The definition of local Lie n-groupoid is due to Zhu |Zhu09j . 

Let X = {X q } be a simplicial manifold. For q > 1 and < k < q, a (q, k)-horn 
of X consists of a g-tuplc (xq, . . . ,Xk-\,Xk+\, ■ ■ - x q ), where Xi G X q _i, satisfying 
the horn compatibility equations 

(4.i) /rs - 

for i < j. The space h. q ^X of (q, fc)-horns is smooth since the face maps // are 
submersions. 

There are natural horn maps \ q _u '■ X q — > K q> kX, where 
A g ,fe(x) = (f$x, fix, . . . f%x) 

for x G X q . It is immediate from (|2.1[) that \ q ^k{x) satisfies the horn compatibil- 
ity equations (|4.ip ; in fact, the purpose of the horn compatibility equations is to 
axiomatize the properties satisfied by X q} k{x). 

Definition 4.1. A Lie n-groupoid is a simplicial manifold such that the horn maps 
\ q ,k are 

(1) surjective submersions for all q > 1, and 

(2) diffcomorphisms for all q > n. 

Definition 4.2. A local Lie n-groupoid is a simplicial manifold such that the horn 
maps X qt k are 



2 Onc should compare this computation with the definition of fundamental group of a differen- 



tiable stack in [Noo04] and [LGTX07| . 
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(1) submersions for all q > 1, and 

(2) injective etale for all q > n. 

We remark that in Definitions 14 . 1 1 and 14 . 2 1 the case q = 1 is redundant. Specif- 
ically, the requirement that Ai ; o = fl and Ai^ = /q be surjective submersions is 
already part of the definition of simplicial manifold. 

4.2. Applying the bar functor to the nerve. Let D be a double Lie groupoid as 
in (jl.ip . In §3. 21 we described the nerve construction, which produces a bisimplicial 
manifold ND. Now we shall apply the bar construction, described in §2.2[ to obtain 
a simplicial manifold WND. 

We begin by describing W r ND for the first few values of r. From (|2.4I) . we have 
the following: 

W ND = N Qfi D = M, 

W^ND = N ,iD Vo x hl N U0 D = V s x t H, 

W2ND = Nq,2D Vo x hl N1.1D Vo x h2 N 2 ,o 

where p\ and p 2 are, respectively, the "projection onto the first and second com- 
ponent" maps. Eliminating redundancies arising from the fiber products, we may 
simplify the description of W2ND to V s x t 2 D s jx ( H , where s 2 := s o sy = s o sh 
and t 2 :— t o ty — t o tn- So, up to r — 2, the simplicial manifold WND is of the 
form 

(4.2) V s x t 2 D s -2X t H . 



V s x t H 



M 

From (|2.5p . we have the following equations describing the face maps: 

/o(M) = «(»/), 

for (8,rj) e V s x t H, and 

(4.3) f 2 (6,a, V ) = ( Sv a, V ), 

(4.4) fl(e,a,rj) = (6-t v a,s H a-ri), 

(4.5) f 2 (0,a, V ) = (9,t H a), 

for (9,a,T)) £ V s x t 2 D s 2X t H. 

A 1-simplcx (6, 77) and a 2-simplex (9, a, rf) can be drawn as follows: 

9 9 

r] a 



n 
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We emphasize that, in these diagrams, elements of V are drawn as horizontal lines, 
and elements of H are drawn as vertical lines. The face maps /q , ff, and /| arc 
respectively illustrated as follows: 



9-t v a 



s H a-r) 



t H a 



In general, a r-simplex in WND consists of an element 6 6 V, a triangular array 
{ctij £ D} for 1 < i < j ' < r, and an element r\ G H, satisfying the compatibility 
equations (|3.2|) and 



s(6) = t 2 (an), t(rj) = s 2 (a rr ). 

The pictures of a 3-simplex and a 4-simplex are as follows: 

(4.6) *J- 



There is a nice description of the face maps in terms of pictures such as (|4.6[) . where 
the face map f[ : W r ND — > W r -\ND is given by deleting all the arrows in the 
ith row or column (Note that the columns and rows are counted starting from 
in the upper left corner). If an arrow forming the shared boundary of two squares 
is deleted, then those squares are multiplied across that boundary. If an arrow 
forming part of an outer boundary of a square is deleted, then that square (as well 
as any arrows touching the same outer boundary) is also removed. For example, 
the face maps /q , ff, and f$ are respectively given by 



\svan 








"12 

■v 

C*22 


C*13 

•v 

OL23 




0122 


C*23 








"33 






"33 








'/ 







ail -H "12 



Lemma 4.3. For the simplicial manifold WND, the 1-horn maps A2,fc are sub- 
mersions. Furthermore, if D is a full double Lie groupoid, then the 2-horn maps 
are surjective. 
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Proof. The general idea for the proof is to express each horn map as a composition 
of maps, where one factor is the fiber product of identity maps with the double- 
source map, and the other factors are diffeomorphisms. We will do this for k = 2 
and leave the other two cases for the reader. 

The horn map A2.2 factors as the composition of the following three maps: 

W 2 ND = V s x t 2 D s 2X t H -> V s Xsot v D s 2X t H 
(9, a, 17) i->- (8 ■ tya, a, 77), 
V s x sotv D s 2X t H -> V s x t H s x s V s x t H 
(6, a, rj) H> (9, sua, sva, 77), 
V s x t H s x s V s x t H^ k 2a WND 

(01,»?1,02,»72) ^ ((^2,172), (^1,^1 ' 172)) ■ 

The composition of these maps is described by the following diagram: 



The first and third maps arc diffeomorphisms, and the second map is (id, (sh, sy), id). 
Since the double-source map (sh, sy) is a submersion, it follows that A2,2 is a sub- 
mersion. If the double Lie groupoid is full (so that (sh, sy) is also surjectivc), then 
A2,2 is surjective. □ 



Lemma 4.4. For the simplicial manifold WND, the r-horn maps \ r ,k are diffeo- 
morphisms for r > 2. 

Proof. For r > 2, let T r be the "partial horn space" consisting of triplets (xq, x\, x 2 ) 
of r-simpliccs Xi G W r -iND, satisfying the following compatibility equations: 

(4.7) fl~ l x = /J- 1 ^, f^xo = f^x,, f{- l x l =fl- 1 x 2 . 

These equations are precisely the horn compatibility conditions that involve faces 
0, 1, and 2. 

There is a natural map v r : W r ND — > T r , given by 

v r (x) = (foX,f[x,f 2 x). 

When k > 2, this map factors through the horn space K r ^W N D , so that we have 
the following commutative diagram: 



(4.8) W r ND — K,kWND . 
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We will construct an inverse of the map v r . Consider an arbitrary (xo, xi, X2) € T r . 
Let us depict x £ W r ^\ND as 



(4.9) 



The first of the compatibility conditions (|4.7|) says that the first two rows of X2 are 
of the form 

(4.10) 





7 


"13 




<*23 ■ V<*33 



where sv{"f) = £, • tvot22, and that the remaining rows are the same as those of xo- 
The latter two of the compatibility conditions (|4.7[) say that the first row of Xi is 
of the form 



where sy(/3) = sviptii) and C ■ tyP = • tvli an d that the remaining rows are the 
same as those of xo- 

We then construct an r-simplex x as 



where 9 £ V , r\ £ H , and G I? (with the exception of an and 0:12) are the same 
as those in (|43j) - (|4TTD|) . and 



"12 = P -v ty(«22), 



"ii = 7 -a ih ("12)- 



Here, ty and i_f/ denote, respectively, the vertical and horizontal inverse maps on 
D. 
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We can directly see from the definition of the face maps that the map (xo, %i, X2) 1— > 
x given by the above construction is inverse to v r , and therefore v r is a diffeomor- 
phism. One can similarly show that for k > 2, there is a unique A:-simplex Xk that 
is compatible with xq, x\, and X2, and therefore the map from K r ^W N D to T r 
given by forgetting all but the Oth, 1st, and 2nd faces is a diffcomorphism. Thus we 
conclude (c.f. diagram (|4.8j) ) that the horn map X r ,k is a diffcomorphism for k > 2. 

Using the same argument as above with a partial horn space associated to the 
last three faces, one can prove that X r ^k is a diffeomorphism for k < r — 2. The 
cases not covered under fc > 2 or fc < 9 — 2 arc A3,i, A3,2 and A^, which the reader 
may check directly. □ 

An immediate consequence of Lemmas 14.31 and 14.41 is the following: 

Theorem 4.5. Let D be a double Lie groupoid. Then WND is a local Lie 2- 
groupoid. Furthermore, if D is a full double Lie groupoid, then WND is a Lie 
2-groupoid. 

Remark 4.6. We observe that the result of Lemma l4.4l is stronger than condition (2) 
of Definition 14.21 This perhaps suggests that the definition of local Lie n-groupoid 
should be strengthened. 



5. From local 2-groupoids to groupoids 

5.1. The functor ©. Let X m be a simplicial space. We may form a topological 
groupoid <&{X) =4 X by taking <8(X) to be the groupoid generated by Xi with 
relations generated by the 2-simplices Xi. More precisely, <£>{X) consists of formal 
products yf 1 ■ ■ ■ y^ 1 of composable elements yi e X\ modulo relations generated 
by those of the form 

(5-1) f\z ~ f*z ■ flz 

for z G X2, in addition to the "tautological relations" y ■ y" 1 ~ 8®fly and y^ 1 ■ y ~ 
<5q/o2/. We note that the degeneracy map S® : Xo — > X\ automatically satisfies the 
axioms of a unit map as a result of (|2.3[) . 

Remark 5.1. If X m is a 2-groupoid, then the surjectivity of the horn maps A2,fc 
implics that any formal product y\ X -'-y^t can be (nonuniquely) reduced to a 
single element y £ X\. We thereby recover the well-known "truncation" process, 
where &(X) = X\j ~, with the relation generated by fiz ~ f%z' for any z, z' € X2 
such that \2.kZ = M,kz' '. In the general case, the functor X M> <S(X) coincides 
with the composition of truncation with Kan extension |Zhu09j . 

We now apply the functor <S to WND, where D is a double Lie groupoid as 
in (jl.ip . We will abbreviate <8(WND) to simply &(D). In this case, the main 
simplification is given by the following lemma. 

Lemma 5.2. Let (0,77) 6 F s x t _ff = W\ND. In <&{D) the following relation holds: 
(5.2) (0,r ? )- 1 ~(l,r ? - 1 )-(0- 1 ,l). 

Proof. Note that in (|5.2j) we use "1" as a generic symbol for unit elements in V 
and H. 
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We use relations from the 2-simplices z := (9, l(r]), r\ : ) and z' := (77, 1(77 1 ), 1), 
pictured below: 



6i e 0- 1 



'/ 


' 1(f) ' 


n 


z' = 


1 




l 




1 ' 


v- 1 






V 1 ' 


l 



For these 2-simplices, the relations (|5.1[) are respectively 

(5.3) (9-l, V - V - 1 ) = (9,l)~(9,r ) )-(l, V - 1 ), 

(5.4) (fl.r 1 ,l.l) = (l > l)~(ff,l).(r 1 J l). 
Combining (|5.3p and (|5.4|) . we have 

(1, 1) ~ (©, 17) • (1, t?- 1 ) • 1), 
which implies the statement of the lemma. □ 

As a result of Lemma 15 .21 it is not necessary to include formal inverses as gen- 
erators for &(D). Thus we have the following description: 

Definition 5.3. The groupoid <&(D) =3 M associated to a double Lie groupoid 
(|l.ip consists of formal products 771) • • • (9 m , rj m ) of composable elements 9{ G V, 
rji G H, modulo relations generated by those of the form 

(5.5) (9 ■ tya, shoi ■ 77) ~ {9, t H a) ■ (s v a, 77) 
for (9, a, 77) e V s x t 2 D s 2X t H. 

Remark 5.4. In the case where D is full, following Remark |5. 11 we have that <&(D) 
is simply (V s x t H)/ ~, with the following relation: 

(5.6) (9 ■ tya, shol ■ 77) ~ (9 ■ tyoi \ sho 1 ■ 77) 

for a, a' G D such that tna = tuct' and syct — syoi'. This relation guarantees 
that the multiplication given by (|5.5p is well-defined. 

In the full case, the isotropy groups of <3(-D) coincide with the "fundamental 
groups" of jCHRlOj . Note that we have arrived at the relation (|5.6[) and the mul- 
tiplication (|5.5p by specializing a more general, natural construction. 

5.2. Fundamental double groupoids and Haefliger fundamental groupoids. 

Consider GS(IIi(G)), where Hi(G) is the fundamental double groupoid of a Lie 
groupoid G M whose source map is a fibration (sec Example I3.5p . In this 
case, we recover a simple description of the Haefliger fundamental groupoid |Hae711 
IHae9Q[ IMM] of G as (G s x t IIi(M))/ ~, with the relation (^6) . For any m G M, 
the isotropy group at m of the Haefliger fundamental groupoid is isomorphic to the 
fundamental group of the classifying space BG at m. 

In the case where the source map of G is not a fibration, then Hi(G) ILi(M) is 
not a Lie groupoid, but it is in fact a local Lie (l)-groupoid in the sense of Definition 
14.21 (the associated simplicial manifold is the fundamental groupoid of the nerve of 
G). Nonetheless, our construction essentially goes through verbatim. The local Lie 
groupoid structure of Hi(G) =4 IIi(M) is compatible with the groupoid structure 
of ni(G) G, so that we might call (|3. 1[) a semilocal double Lie groupoid. In 
particular, the double- nerve N, t ,Hi(G) is still defined and is a bisimplicial manifold, 
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and when we apply the bar construction to AV.IIi(G), we obtain a local Lie 2- 
groupoid. Applying the functor ©, we again obtain the Haefliger fundamental 
groupoid of G. 

We point out that the "equivalences" and "deformations" in the definition of the 
Haefliger fundamental groupoid are both included in the equivalence relation (|5.5|) . 

6. Toward symplectic 2-groupoids 



Recall from Example 13.61 that a symplectic double groupoid is a double Lie 
groupoid as in (jl.ip , where D is equipped with a symplectic structure such that 
both D =} V and D =} H are symplectic groupoids. In this section, we study 
the local Lie 2-groupoid WND associated to a symplectic double groupoid D. 
Particularly, we wish to investigate the geometric structure on WND that arises 
from the symplectic structure on D. 

Although th ere is not yet an established definition of a "symplectic 2-groupoid" , 
it is expected [S05] that symplectic 2-groupoids should be the objects that inte- 
grate Courant algebroids. We argue, based on the following diagram, that (local) 
2-groupoids of the form WND, where D is a symplectic double groupoid, are exam- 
ples of symplectic 2-groupoids integrating Courant algebroids of the form A © A* , 
where (A, A*) is a Lie bialgebroid |LWX97j . 



symplectic double groupoids 



WN 



symplectic 2-groupoids? 



differentiation 



Lie bialgebroids 



LWX 



differentiation 



Courant algebroids 



We observe that there is a natural map v from W2ND = V s x t 2 D s 2X t H to 
D given by v(9, a, 77) = a. The symplectic 2-form uj on D pulls back to define a 
closed 2-form Q. := v*ui on W 2 ND. In the remainder of this section, we consider 
some properties satisfied by ft that might be considered "higher" analogues of the 
multiplicativity and nondegeneracy conditions satisfied by 2-forms in the case of 
symplectic (l)-groupoids. This leads us to a tentative proposal for a definition of 
symplectic 2-groupoid in ^6.31 

6.1. Multiplicativity. Let X, be a simplicial manifold. We say that a differential 
form a on X q is multiplicative if 



i 

i.e. if a is closed with respect to the simplicial coboundary. 

Definition 6.1. A presymplectic double groupoid is a double Lie groupoid D 
equipped with a closed 2-form us that is multiplicative with respect to both Lie 
groupoid structures. 

Proposition 6.2. If D is a presymplectic double groupoid, then the closed 2-form 
SI = v*uj on W2ND is multiplicative. 

Proof. Recall that W3ND is equal to V s x t 2 D Sff x tH D Sv x tv D s 2X t H, which 
consists of (6, a-y, a.2, 013, rf) € V x D x D x D x H such that 

s(0) = t 2 {ai), Sff(ai) = t H (a 2 ), s v (a 2 ) = t v (a 3 ), s 2 (a 3 ) 



t(n). 
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The face maps from W 3 ND to W 2 ND are as follows: 
f$(6,ai,a2,a 3 ,r)) = (syoi, o 3 , rj), 
/^(fl, 01,02,03,77) = (0 ■ t v a u a 2 -y a 3 ,v), 
/I {6,oti,a 2 , 03, 77) = (6, a\ -h o 2 , s H a 3 ■ 77), 
/f(0, 01,02, 03,17) = (0 1 ai 1 t H a 3 ). 
Composing these face maps with the projection v, we have 

v° fl{0, 01,02,03, 77) = "3, 

vo ff(0, 01,02,03,77) = "2 -y a 3 , 

^ /I (0j «i, «2,a 3 , 77) = 01 o 2 , 

vo fl(0, 01,02,03,77) = 01. 

Define /J2 : W-^TVZ? — > D by /J2(#, 01, 02, 03, 77) = 02- As w is a multiplicative 
2-form on D =4 V, we have that 

(6.1) (1/ o / 3 )* W + M * W = (!/ o /3)* W . 

Similarly, as is a multiplicative 2-form on D =4 -ff, we have that 

(6.2) (vo/ 3 3 )*w + /iSw = (i/o/ 2 3 )*w. 

From equations (|6.1[) - ([6.2[) , we see that the simplicial coboundary of fi is 

i i 

6.2. Nondegeneracy. Let D be a symplectic double groupoid with symplectic 
form u). It is clear that the closed 2-form = v*w on W 2 ND is degenerate except 
in the extreme case where the side groupoids H and V are trivial. Specifically, the 
kernel of O at a point (9,a,r]) is equal to the kernel of v*, consisting of vectors 
(X, 0, Y), where X G T e V and Y G T V H such that X G kcrs* and Y G kcr/j*. Our 
aim is to write down conditions, expressed only in terms of face and degeneracy 
maps, that control the degeneracy of £1. We will use an approach inspired by Ping 
Xu's definition of quasi-symplcctic groupoids |Xu04] . 

Recall that the face maps ff : W 2 ND ->■ W X ND are given by (|S3 ]) -(|S3 ]l . The 
kernel of the push-forward map (f§ )* at a point (0, a, 77) consists of vectors (X, 7, 0), 
where X G TgV" and 7 G T a .D such that s*X = 7^7 and 7 G ker(sy)*. 

The degeneracy maps W\ND — > W 2 ND are given by 

(6.3) ^,77) = (1,1(0), rj), 

(6.4) #(M) = (Mfa),l) 

for (61,77) 6 WiiVD = V s X t F. We define a subbundle (S\)* kcrtt C T(WiiV£>), 
consisting of vectors (X, Y) such that (6{)*(X,Y) G kerfi. One can immediately 
see from (|6.4|) and the above description of kerfi that (8l)*(X,Y) is in kerO if 
and only if 1*Y = 0. Since the unit map 1 is an embedding, wc conclude that 
(Sl)*kevn = {(X,0)}. 

Proposition 6.3. (/f)* maps the bundle (ker(/g )* D ker fi) fiberwise isomorphi- 
cally onto (<5i)*ker£l. 
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Proof. From the above discussion, we have that 

ker(/ 2 ) st nkerfi = {(X,0,0)} 

and 

(5 1 1 )*kerO = {(X,0)}, 
where in both cases X G kers* C TV. From (|4.5j) . we have that 

(/£),(*, 0,0) = (*,()), 
so the result is clear. □ 

Similarly, we consider the subbundle (<$Q)*kerf2 C T(W\ND), consisting of 
vectors (X, Y) such that (5q)*(X,Y) € kerfl. One can see that (5g)*kerf2 = 

Proposition 6.4. (/q)* maps the bundle (ker(/|)« flkerfi) fiberwise isomorphi- 
cally onto (<$Q)*kcrf2. 

The statements of Propositions 16.31 and 16.41 are higher-dimensional analogues 
of the nondegeneracy properties in Xu's definition of quasi-symplectic groupoids. 
However, these properties do not sufficiently control the degeneracy of O, as is 
illustrated by the following example. 

Example 6.5. Let V be a vector space. Consider the double Lie groupoid 

v i — V © V* . 

w w 

pt j v * 

The bar construction yields the Lie 2-groupoid 
(6.5) V®V®V®V*. 

""" 

V ®v* 



pt 

Actually, (|6.5p is a Lie 1-groupoid, equal to the nerve of the abelian group V @V* . 

The symplectic structure on V © V* induces a presymplectic 2-form fi on V © 
V © V * © V * which is supported on the middle copy of V © V* . On the other 
hand, we can check easily that (|6.5p equipped with the zero 2-form also satisfies 
the properties in Propositions 16.31 and 16.41 

Example 16.51 demonstrates that extra properties are needed in order to charac- 
terize the presymplectic form on WND when D is a symplectic double groupoid. 
Our suggestion is as follows. 

For m G M, consider $}(m) = (l(m), l(m)) G WxND = V s x t H. The tangent 
space T s o( m )WiND = (Ti^V) s , x tt (Ti( m )iJ) has the following three natural 
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subspaces: 

(6.6) Wo° = (5%)*T m M = {(Uw, l„w) : w G T m M}, 

(6.7) < = (^)*kerO|,o (m) = {(0,Y) : Y G keri*| 1(ro) }, 

(6.8) Wt = (5i)*kerO|50 (m) = {(X,0) : X G kers*| 1(ro) }. 
These subspaces are clearly complementary: 

(6.9) T^WiND = Wg © < ® Wb 

As we will see in Theorem 16.81 the statements of Propositions 16.31 and 16. 4[ to- 
gether with (|6.9[) . guarantee the nondegeneracy of the 2- form ui on D. Furthermore, 
we can recover the nondegenerate pairing between the Lie algcbroids of V and H 
as follows. 

Let A v and A H denote the Lie algebroids of V and H, respectively. It is clear 
from (|6.7[) and (|6.8[) that Wq and W\ can be respectively identified with A 1 ^ and 
A^ at any m G M. The pairing is then given by 

(6.10) (a, 6) = O ((^),a, 

for a G = W\ and 6 6 = Wq. The nondegeneracy of this pairing is a 
consequence of |Mac99[ Theorem 2.9]. 

6.3. Symplectic 2-groupoid. Based on the properties discovered in §6.1H6.2l we 
will now propose a definition of symplectic 2-groupoid. 

Let X, be a simplicial manifold with a 2-form on X2- As in H6.2[ we define 
for i = 0, 1 a (possibly singular) subbundle ker 17 C T-Xi, consisting of vectors 
w for which ((Jj 1 )*?^ is in ker 11. 

Lemma 6.6. IfQ is multiplicative, then 

(1) (/I)* maps ker(/o)* inio (<5;[)* ker 17, and 

(2) (/o)» maps ker(/|)* into (<5o)*kerf2. 

Proof. Let w be a vector in TX-i- Then, using (|2.3j) and the multiplicative property 
of 12, we have 

n ($).(/!).«) = n((/s ).(*?).«) 

= ((/ 3 ro-(/ 1 3 rQ+(/iro) 

= n ((/ 3 )*(^)*« - (/i)*(^)*« + (/a ).(*?).«) 
^((^M/oV)- 

Therefore, if u G kcr(/g)*, then (/f)*v G (<$i)*kerQ, and if on the other hand 
v G kcr(/ 2 2 )», then (f$)*v G ker fi. □ 

Definition 6.7. A (local) presymplectic 2-groupoid is a (local) Lie 2-groupoid X % 
equipped with a closed multiplicative 2-form 17 on X<i. 

A (local) symplectic 2-groupoid is a (local) presymplectic 2-groupoid such that 

(1) (/I)* maps (ker(/o)* n ker 17) fiberwise isomorphically onto (5i)*kerl7, 

(2) (/o)* maps (ker(/f )* n ker 17) fiberwise isomorphically onto (Sq)* ker 17, and 
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(3) for all to e X , the subspaces W ° := (S%)*T m X and W} := (6})* ker n\ s o (m) 
are such that 

T s o (m) X 1 = W°®Wt®Wl 

The following theorem provides some support for Definition 16.71 

Theorem 6.8. Let D be a presymplectic double groupoid (see Definition \6.1\) with 
presymplectic form uj on D. Then the local Lie 2-groupoid WND, equipped with 
the 2-form O := v*u) on W2ND is a local symplectic 2-groupoid if and only if u is 
nondegenerate. 

Proof. The "if" part of the statement is shown in §6.21 For the "only if" part, we 
suppose that WND is a local symplectic 2-groupoid, and wc will prove that uj is 
nondegenerate . 

For any m G M, we have by definition that W\ := (S{)* ker O^o^ consists 
of vectors (X, Y), where X £ Ti( m )V and Y £ Ti( TO )iT are such that s*X = t*Y 
and l*y G keraj. In particular, W\ includes all vectors of the form [X, 0), where 
s*X = 0. 

Similarly, Wq := (<5g)* ker O| 5 o( m -) consists of vectors (X, Y) such that s*X = t*Y 
and 1*X G kerw. In particular, Wq includes all vectors of the form (0,Y), where 
UY = 0. 

The description of Wq is the same as in (|6.6p . Condition (3) in Definition 16.71 
implies that W\ only consists of vectors of the form (X, 0), and that Wq 1 only 
consists of vectors of the form (0,F). It follows that ker a; n l*(Ti( m )ff) = and 
ker a; n U(T Km) V ) = 0. 

By [BCWZ04[ Lemma 3.3], we then have that 

(6.11) = i(dim(kerwi2 (m ))) + 2dimi? - dimD 
and 

(6.12) = i(dim(kerwi2 (TO) )) + 2dimV" - dimD. 

Here, we use l 2 to denote the iterated unit map from M to D. 

Now consider a point of the form (l(m), 1(6*), 77) G W2ND where 9 £ V is such 
that t{9) = m. By definition, (ker(/ 2 )» n ker f2) | ri(m),i(e),»7) consists of vectors 
(X, 7, 0), where X £ Tx( m \V and 7 G Ti^D are such that s*X = t 2 7 and 7 G 
ker(sv)H< nkerw. On the other hand, condition (1) in Definition 16.71 implies that 
(ker(/g )* flker ^)|(i( m ),i(e).r;) consists only of vectors of the form (X, 0, 0). It follows 
that (kcr(sy)* Rkera;)|i(0) = 0. Again using BCWZ04] Lemma 3.3], wc have that 

(6.13) = i(dim(kcrw 1(e) )) - 2 dim V + dim£>. 
Similarly, we can see that for any 77 G H , 

(6.14) = i(dim(kerwi(,))) - 2dim# + dimD. 

Comparing (|6.12l) and (|6.13[) with 9 = 1(to), we have that dim!? = 2dimF, so 
we conclude from (|6.13j) that uj is nondegenerate at all unit elements 1(9). It then 
follows from the fact that w is multiplicative (see, e.g. [BCWZ04, Lemma 4.2]) that 
uj is nondegenerate everywhere. □ 
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As mentioned in the introduction, the construction of symplectic 2-groupoids 
from symplectic double groupoids allows us to integrate the standard Courant al- 
gcbroid TM T*M to the symplectic 2-groupoid p. 31) . However, the Courant 
algcbroid structures on TM © T*M that are twisted by closed 3-forms cannot be 
integrated via symplectic double groupoids, and it is not clear how (or even if) 
such Courant algebroids can be seen to integrate^ to a symplectic 2-groupoid in the 
sense of Definition 16.71 

The definitions suggested to us by Li-Bland and Severa |LS| include a 3-form f2i 
on X\ in addition to a 2-form VI2 on X2, such that fii + ^2 is a closed element of 
the total complex of simplicial forms. It seems quite likely that a generalization 
of Definition 16.71 along these lines will be necessary to incorporate all Courant 
algebroids. 
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